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1. INTRODUCTION 
In the characterizations of infinite families of finite simple groups by their 
Sylow 2-subgroups that have been given at this time, it has been the case 
either that the rank of the 2-groups in question has been very tightly restricted 
or that all involutions have been in the center. The former case introduces 
formidable difficulties of its own, in particular concerning the application of 
the general methods of Gorenstein and Walter due to “insufficient room”, 
and also excludes families of groups over fields of characteristic two. The 
latter case gives rise to these, but avoids one of the big problems, namely 
that of the fusion of involutions. In this paper, we consider a family of 
2-groups of class two in which not all involutions are central. 
One aims to determine the structure of the centralizer of an involution. 
In [ll], Suzuki obtained a characterization of all finite groups in which the 
centralizer of every involution has a normal Sylow 2-subgroup, i.e., is 
2-closed. The simple groups that occur are the appropriate groups with 
dihedral or Abelian Sylow 2-subgroups, and three further infinite families 
of groups over fields of characteristic two, the Suzuki groups and the unitary 
and linear groups of dimension three. The first two of these have been 
previously characterized by the structure of a Sylow 2-subgroup by the 
author [l ; 21 (also independently by Syskin [ 121 and in the case of the unitary 
groups by Griess [7]). In this paper, we consider the third family. 
If X is a finite group, one says that a group G has Sylow 2-subgroups 
of type X if the Sylow 2-subgroups of G are isomorphic to those of X. We 
shall prove the following theorem. 
THEOREM A. Let G be a finite simple group whose Sylow 2-subgroups are 
of type L,(q), q = 2” > 8. Then G is isomorphic to L,(q). * 
* Theorem A has also been proved independently by Richard Lyons. See note at 
end of paper. 
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Here, L,(q) is used to denote the projective special linear group PSL(3, q), 
the quotient group of the group 3 x 3 matrices of determinant 1 over the 
field of q elements modulo its center. 
La(2) has dihedral Sylow 2-subgroups of order eight; hence other groups 
arise in this case. In the case of L,(4), an analogous characterization has been 
obtained by Gorenstein and Harada [Sj; our proof as presented will not 
handle this case. 
As usual, we shall obtain Theorem A as an immediate consequence of a 
more general classification theorem. To state it, we recall that if G is a finite 
group, then O(G) denotes the largest normal subgroup of G of odd order. 
Also, we define O’(G) to be the smallest normal subgroup of odd index, and 
put O”(G) = O’(G) . O(G). Th en we have the following theorem. 
THEOREM B. Let G be a jkite group whose Sylow 2-subgroups are of type 
L,(q), q = 2% > 8. Then one of the following holds: 
(i) G is soluble of 2-length one; 
(ii) O”(G)/O(G) is isomorphic to L,(q); OY 
(iii) O”(G)/O(G) is isomorphic to a split extension of an elementary 
Abeliangvoup of order q2 by SL(2, q). 
In the final section of this paper we shall obtain a result about modules 
for SL(2, 9) which is of relevance to questions about groups with Sylow 
2-subgroups of class 2 in general. In particular, we can pin down the structure 
of our groups precisely. 
&THEOREM C. Let G be an insoluble group which satisfies the hypothesis 
of Theorem B. Then G/O(G) is isomorphic to a subgroup of PrL(3, q). 
The group PrL(3, q) is defined in the usual manner. The group GL(3,q) of 
nonsingular 3 x 3 matrices over the field of q elements admits an auto- 
morphism cr which maps the matrix (a,J to the matrix (a&) when q = 2”. 
The group rL(3, q) is the natural semidirect product of GL(3, q) by (u>, and 
PI’L(3, q) = I’L(3, n)//l where A is the group of scalar matrices. 
In the next two sections we discuss some technical results, first a special case 
of the balanced theorem of Gorenstein and Walter, and then a certain property 
of the groups PSL(2,pv). For the remainder of the paper, we assume the 
hypothesis of Theorem B. Having established the result for soluble groups, 
the proof is by induction on the order of G for each q. If  every involution has 
soluble centralizer in G, the balanced theorem is used to show that such 
centralizers are 2-closed, whence Suzuki’s characterization applies. Otherwise, 
since a Sylow 2-subgroup has noncentral involutions, two cases arise. That 
where some central involution has insoluble centralizer is similar to the 
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situation encountered with the unitary groups [2] and is considered in 
Section 7; the bulk of the proof is concerned with the remaining case where 
all involutions lying in the center of some Sylow subgroup have soluble 
centralizers, but some involution has an insoluble centralizer (Section 8). 
In both cases, a contradiction is derived. 
The notation of this paper is standard, with the additional notation of 
O’(G) and O”(G). (See, for example, [4].) All groups will be finite. Also, 
we use the “bar convention” concerning homomorphic images. 
The solubility of groups of odd order is assumed implicitly. 
2. APPLICATION OF THE BALANCED THEOREM 
In their paper [6], Gorenstein and Walter give sufficient conditions to 
ensure that if G is a group in which O(G) = 1, then O(C,(x)) = 1 for every 
involution x of G. A combination of Proposition 2 and Theorem C of that 
paper yields the following result as a particular case. 
PROPOSITION 2.1. Let G be a group with O(G) = 1, and let S be a Sylow 
2-subgroup of G. Suppose that SCN,(S) # 0. If, for any involution x of G, either 
(i) Co(x) is soluble, or 
(ii) O”(C,(x))/O(C,(x)) z V x SL(2, 2%) where V is an elementary 
Abelian 2-group of order at least four and n > 3, then O(Co(x)) = 1 for every 
involution x of G. 
This is sufficient for our purposes, although the result is also true for n = 2. 
The group X(2,4) is not balanced in the strict sense of the definitions of [6] 
but may be regarded as being so under the hypothesis of this proposition. The 
interested reader may also note that our hypothesis would avoid many of the 
technical details of the arguments of the Gorenstein-Walter work. Under (ii), 
a Sylow 2-subgroup of C,(x) will be a maximal Abelian 2-subgroup of G, 
so that it easily follows that G is balanced. Both (i) and (ii) imply that C,(x) is 
2-generated for any involution x since S cannot have just one involution, 
and the condition that SCNa(S) is nonempty asserts that S is connected. 
3. A PROPERTY OF THE SIMPLE GROUPS PSL(2, p’) 
We shall require a slightly unusual property of the groups PSL(2, p’). 
PROPOSITION 3.1. Let G be the group PSL(2, pr) and suppose that pr > 4. 
Then there exist distinct odd primes p, and p, and elements g, and g, in G of 
orders p, and p, such that their product g,g, is an involution. 
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Proof. If pr > 4, then G is simple and it is well known that G contains a 
cyclic subgroup H of odd order such that H = C,(h) for any h E H# and 
[N(H): HI.= 2. Putting t = +(I H 1 - 1), G has exactly t + 2 ordinary 
irreducible characters x,, , x1 , {t ,..., & which do not vanish on the non- 
identity elements of H. If g is an arbitrary element of G not conjugate to any 
element of H, we have the following information about these characters 
(obtainable either by use of exceptional character theory applied to H, 
or from the known character table of G): 
1 hEH# if 
-I_. _____ 
x0 1 1 1 
Xl Xl(l) s XlW 
5i ) i = l,..., t Xl(l) + * S&(h), i = l,..., t Xl(S) + * 
In this table, S = &I, and $r ,..., & are the nonlinear ordinary irreducible 
characters of H. In particular, we have 
&4h) = -1, 
for any nonidentity element h of H. 
We choose H and elements x1 and xa in the following way. If p = 2, take H 
of order 27 - 1, x1 an element of prime order in H and x2 of prime order 
dividing 2’ + 1. If p is odd, take H of order $(p’ + 1) or &S - 1) as 
appropriate, xi an element of prime order in H, and xa an element of order p. 
In either case, let 7 be an involution in G. Let X, , Xa , and T denote the 
class sums of the conjugacy classes containing x1 , xa , and T, respectively, 
and let c be the coefficient of Tin the product X,X, in the class algebra. Then 
c = ( c(xl;,~,‘c(x2)~~ x(x1) xc4 X(4 x(l) ’ 
where the summation is carried out over all ordinary irreducible characters 
of G. Thus, 
c = [G : HI(xd1) - x~kJ)(x#) - x1(4) ; 
I CWI . Xl(l)(XlV> + *> 
in particular, since G is simple, c # 0. Hence there exist conjugates g, and ga 
of x1 and x2 with g,g, = 7. 
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4. THE STRUCTURE OF SYLOW ~-SUBGROUPS 
Let 4 = 2”, II > 3. Then a Sylow 2-subgroup S of&(q) can be taken as the 
group of all matrices of the form 
Let A and B denote the subgroups for which ,6 = 0 and a! = 0, respectively. 
Then direct computation yields the following properties of S. 
(4.1) S has order q3, Z(S) = S’ = D(S) = A n B, and Z(S) is elementary 
Abelian of order q. 
(4.2) A and B are elementary Abelian normal subgroups of S of order q2. 
Ijx $ A u B, then x has order four. Ijx E A - Z(S), then C,(x) = A, and ;f 
x E B - Z(S), then C,(x) = B. 
It is an immediate consequence that: 
(4.3) Any elementary Abelian subgroup ojS is contained either in A or in B. 
By considering the map, 
it can be seen that: 
(4.4) S posseses an automorphism which interchanges A and B. 
As a consequence, any statement about A implies an equivalent statement 
about B; in particular this will be the case when we embed S as a Sylow 
subgroup of an arbitrary group. 
Let x be an element of S of order four. Then 
1 cv. Y 
X== 
( ) 
1 B, 
1 
where CC, p # 0. It is readily verified that the element, 
1 a’ y’ 
x’ = 
( 1 
1 P’, 
1 
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commutes with x iff 01’/3 = a/3’; that is, 
a’ = B’ = 0 or a’//? = a/p. 
Hence 1 C(x)\ = q2. In addition, the property of commuting defines an 
equivalence relation on the set of elements of S of order four. Also we have 
shown that the only involutions in C(x) are those in Z(S). Hence C(x) is 
Abelian. We have 
(4.5) If x is an element of order four, then C(x) is a homocyclic normal 
subgroup of S of order q2 and exponent 4. 
We shall require three further properties of S. 
(4.6) Let a E A - Z(S). Then, for any complement B* of Z(S) in B, 
([a, b] / b E B*) = Z(S). 
Proof. Since 1 B* j = 1 Z(S)/ and S’ = Z(S), it is sufficient to show that 
all commutators [a, b] are distinct as b runs over B*. If [a, b] = [a, 6’1, 
then bb’ E C(a) = A. Thus bb’ E A n B = Z(S), and so b = b’ since 
B* n Z(S) = 1. 
(4.7) Let A* be a complement of Z(S) in A. Then any invoZution of A - Z(S) 
is conjugate in S to an element of A*. 
Proof. Let a E A - Z(S). Then a = a*z for some a* E A* and x E Z(S). 
By (4.6), there is an element b E B such that [a, b] = z. Now 
a* = az = a[a, b] = b-lab. 
(4.8) Let N be a subgroup of S distinct from A or B such that C,(N) _C N. 
Then Z(S) is characteristic in N. 
Proof. If N contains no involutions outside Z(S), then Z(S) = Q,(N). 
Otherwise let x be an element of order four in N and let y be an involution of 
N - Z(S). Then C,(x) n C,(y) = Z(S). Thus, 
In either case, Z(S) is characteristic in N. 
5. THE STRUCTURE OF No(A) AND No(B) 
For the remainder of the paper, we fix q = 2” > 8 and let G be a group 
having Sylow 2-subgroups of type L,(q). Let S be a Sylow 2-subgroup of G. 
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Then the results of the previous section apply, and we make the obvious 
identifications with the notation of that section. In particular, as a consequence 
of (4.4) any statement made in general about A and its embedding in G will 
hold equally for B. Our first lemma shows that questions concerning the 
fusion of involutions of S are answered by a knowledge of No(A) and of 
No(B). 
LEMMA 5.1. A and B are weakly closed in S with respect to G. Conse- 
quently, two elements of A are conjugate in G ;sf they are conjugate in No(A) 
(and similarly for B). 
Proof. A and B are the only elementary Abelian subgroups of S of 
order q2; hence if they were not weakly closed, they would be conjugate only 
to each other. On the other hand, they are normal in S, and so would be 
conjugate in N(S), which is impossible. 
The statement about fusion is a well known result about weakly closed 
Abelian subgroups. 
Since S splits over A, so does No(A) by Gaschiitz’s theorem. Put 
X = N,(A)/&(A). Since A is a Sylow 2-subgroup of Co(A), Burnside’s 
transfer theorem shows that C,(A) = A * O(No(A)). Thus the natural 
semidirect product N* = AX is isomorphic to N,JA)/O(No(A)). In 
particular, N* and G have isomorphic Sylow 2-subgroups. Let T be a fixed 
Sylow 2-subgroup of X. Then we may identify AT with S in an obvious 
manner with Z(S) = C,(T) and B = T . Z(S). Put 2 = Z(S). Then 
2 = CA(t) for all t E T#. Also, C,(A) = 1. 
LEMMA 5.2. [T, O(X)] = 1. 
Proof. By the Brauer-Wielandt theorem [4, Theorem 5.3.161 we have 
O(X) = (%x(t) I t 6 T#). 
For any element t of T#, the action of t on 2 and on A/Z is trivial; thus each 
of Z and A/Z admits Cx(t), and so also O(X). Since X acts faithfully on A, 
the stabilizer of the chain 1 C 2 C A is a 2-group. Hence T 4 T . O(X), and 
[T, O(X)] = 1. 
LEMMA 5.3. If N(A) is soluble, then N(A) = N(S) . O(N(A)). Furthu- 
more, Z is normal in N(A) and not all involutions of A are conjugate in G. 
Proof. If N(A) is soluble, O,,,,(X) = T x O(X), whence T (1 X. Thus 
N(A) has 2-length one and N(A) = N(S) . O(N(A)). Now Z <1 N(A) since 
Z 4 N(S); hence involutions in Z are not conjugate to involutions of A - Z 
in N(A), nor in G by Lemma 5.1. 
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LEMMA 5.4. Assume thut N(A) is insohble. If X = N(A)/C(A), then 
O’(X) is isomorphic to SL(2, q) and all involutions of A are conjugate under the 
action of O’(X). 
Proof. We first show that O”(X)/O(X) is isomorphic to SL(2, q). Assume 
otherwise, and put X = X/O(X). The structure of groups with Abelian 
Sylow 2-subgroups is known [13]; in particular, X will contain a subgroup n 
such that 
if? G z, x PSL(2, p*), 
where pr > 4. If pr # 9, the odd part of the Schur multiplier of PSL(2, p’) 
is trivial [S]; so, by Lemma 5.2, the inverse image of i7 in X splits over O(X). 
Thus, X has a subgroup 
K = (t) x L, 
where L z PSL(2, p’) and, without loss, we may assume that t E T+. 
Since L C Cr(t) and Z = C,(t), Z admits L. By Proposition 3.1, there 
exist elements g, and g, of distinct odd prime order in L such that g,g$ is an 
involution. Without loss, we may suppose that grg;’ E T. So g,g;’ acts 
trivially on each of 2 and A/Z. Hence g, and g, are represented identically on 
each of Z and A/Z, and thus by the identity. Since they have odd order, both 
now act trivially on A, contrary to the definition of X. Thus, 
o”(x)/o(x) G SL(2, q). 
Since SL(2, q) has a trivial Schur multiplier, Lemma 5.2 again implies 
splitting over O(X) so that O”(X) is a direct product, and 
O’(X) G SL(2, q). 
Let x be an element of O’(X) of order (q + 1). Since (x) acts faithfully on 
A, it must act irreducibly. Thus O’(X) ac s t irreducibly. Let Tl be a Sylow 
2-subgroup of O’(X) other than T, and put 2, = C,(T,). Since O’(X) = 
(T, T,), it follows that 
znz, = 1. 
Furthermore, this implies that every involution in 2 is conjugate under O’(X) 
to some element of A outside 2. 
Put Y = O’(X) and M = N,(T). Since M normalizes 2, in order to 
complete the proof it will be sufficient to show that M permutes the involutions 
of A - 2 transitively. Since the number of such elements is q(q - I) and 
1 M ) = q(q - l), it will therefore be enough to show that C,(a) = 1 for any 
element a E A - 2. 
481/25/3-7 
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Certainly C,(a) = 1 for a E A - 2. Let y E M - T, then there is a cyclic 
subgroup R of order (p - 1) in M containing y. Let (T be an involution in 
N,(R). Put Tl = T0 and 2, = C,( TJ. Then Tl f T, and R normalizes 2, . 
Also, 
z,= = z. 
Suppose that there existed x1 E .Z,# such that y E C,,(z,). Then 
,q” = z’-b = 
1 
z 0 E z D 
1 1' 
so that y would not be fixed-point-free on Z. On the other hand, y acts 
fixed-point-freely on T and so would on 2 also by (4.6). Thus no such 
element zi can exist. Now R acts regularly on Z,# and, since A = 2 x 2, , 
we have that C,(y) _C Z. Thus, C,(a) = 1 whenever a E A - Z. 
We shall need the following lemma only in situations where N(A) is 
assumed to be soluble, but state it without this restriction. 
LEMMA 5.5. Let H be a cyclic subgroup of N,(S) of odd order. Let 
L = [A, H]. Suppose that 
(a) C,(h) = C,(H)for all h E H#, and 
(b) INI =lLj-I. 
Then / H j = q - I, and H acts trivially on one of Z and A/Z, and regularly 
on the other. 
Proof. Since A = C,(H) x [A, H] [4, Theorem 5.2.31 and H normalizes 
Z, once 1 H / is determined, the remainder of the conclusion follows trivially. 
H acts regularly on L, and hence irreducibly. There are accordingly two 
possibilities: either 
ZC C,(H) or [Z, H] = L. 
In the first case, it is sufficient to establish equality, so assume otherwise 
and let a E C,(H) - 2. Let T be an H-invariant complement of 2 in B. 
Since Z = C,(T), H cannot centralize T by the Thompson “P x Q” lemma 
[4, Theorem 5.3.41. Hence there exist t E T and h E H such that th # t. Thus, 
[a, tl* = [a, thl # [a, tl, 
by (4.6). On the other hand, since [a, t] E Z we must have equality. This 
contradiction establishes the result in this case. 
Now suppose that [Z, H] =L. Since Z = C,(H) x [Z, H], it will be suffi- 
cient to show that C,(H) = 1. Let T be an H-invariant complement of Z 
in B. Since H centralizes an element of A - Z, if C,(H) = 1 then C,(H) = 1, 
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again by (4.6). Assume then that C,(H) # 1. Let (5 E C,(H)“. Let A* be an 
H-invariant complement of 2 in A. Then A* c C,(H). Now, by (4.6), 
Z = [o, A*] C C,(H), whence L = 1, contrary to assumption. 
6. THE PROOF OF THEOREM B: REDUCTIONS 
In this section we shall obtain the conclusion of Theorem B under additiona 
assumptions, and begin the full proof by induction. Our notation is as in the 
previous two sections. 
We first consider the case of soluble groups, 
PROPOSITION 6.1. Let G be a soluble group whose Sylow 2-subgroups are of 
type L,(q), q = 2’” > 8. Then G has 2-length one. 
Proof. We first assert that Z is weakly closed in S with respect to G. 
Suppose that Zg C S for some g E G. Without loss we may assume that 
Z” c A by (4.3) and (4.4). Then (A, As) C C(Zg). By Lemma 5.1, A is 
weakIy closed in S; hence there exists an element h E C(Zg) such that A = Agn. 
so, 
gh E iv(A) = N(S) . O(N(A)), 
by Lemma 5.3. On the other hand, Zg = ZQh and O(N(A)) C C(Z). Thus Z 
is conjugate to ZJ in N(S) and so Z = Z”. 
To obtain the conclusion, we may assume that O(G) = 1. By the Hall- 
Higman centralizer lemma, Z(S) _C O,(G). Thus Z(S) u G. Since 
SC C,(Z(S)), we may assume without loss that Z(S) C Z(G). Then 
O(G/Z(S)) = 1, since O(G) = 1. Since G/Z(S) has Abelian Sylow 2-sub- 
groups, it has 2-length one. Thus G has 2-length one. 
Next we show that in order to establish Theorem B in general, it will be 
sufficient to show that centralizers of involutions are soluble. 
PROPOSITION 6.2. Let G be an insoluble group whose Sylow 2-subgroups are 
of type L,(q), q = 2’” > 8. Assume in addition that the centralizer of any 
involution is soluble. Then either 
(i) O”(G)/O(G) is isomorphic to L,(q), or 
(ii) O”(G)/O(G) is isomorphic to a split extension of an elementary 
Abelian group of order q2 by SL(2, q). 
Proof. Without loss, we may assume that O(G) = 1. Let 7 be an 
involution. If  T lies in the center of some Sylow subgroup, then C(T) has 
2-length one by Proposition 6.1. Otherwise C(7) has Abelian Sylow 2-sub- 
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groups by (4.2) and hence 2-length one again. Since Z(S) has rank at least three, 
Proposition 2.1 applies, and shows that C(r) is 2-closed for any involution 7. 
If O,(G) = 1, then conclusion (i) is immediate from Suzuki’s theorem [l I]. 
Suppose then that O,(G) # 1. Then C,(O,(G)) is soluble. Hence 
C,(O,(G)) C O,,,(G). In particular, Z(S) C O,(G). If O,(G) contains 
elements of order four, let C = C,(@(O,(G))). Then C is soluble. Since 
@(O,(G)) C D(S) = Z(S), we have S _C C, and so have O”(G) soluble, 
contrary to assumption. Thus O,(G) h as exponent 2. Since O,(G) > C,(O,(G)), 
either O,(G) = A or O,(G) = B. In either case, conclusion (ii) follows from 
Lemma 5.4 since C(A) has a normal 2-complement. 
In order to prove Theorem B, it will be sufficient to establish the hypothesis 
of this last proposition. We shall say that an involution of G is of central type 
if it lies in the center of some Sylow 2-subgroup of G. Hence 
(6.3) if 7 is an involution of central type, then C(T) has Sylow 2-subgroups 
isomorphic to S, 
and 
(6.4) if T is an involution not of central type, then C(T) has elementary 
Abelian Sylow 2-subgroups of order q2. 
If G is a group with Sylow 2-subgroups of type L,(q), we establish the 
hypothesis of Proposition 6.2 by induction. For fixed q, let G be a counter- 
example of minimal order. Then clearly G is insoluble, and G = O”(G), and 
also O(G) = 1. There are two cases to be considered, and they will be 
eliminated separately in the next two sections. 
I. C(T) is insoluble for some involution r of central type. 
II. Centralizers of involutions of central type are soluble, but there 
exists an involution 7 not of central type such that C(T) is insoluble. 
7. THE ELIMINATION OF CASE I 
To eliminate this case, we use ideas from the characterization of the 
unitary groups [2], A little more work is necessary, however, because of the 
presence of noncentral involutions. 
Let G be a counterexample of minimal order to Theorem B and assume that 
condition I of the last section holds. By taking a subgroup of 2 (=2(S)) 
maximal subject to having an insoluble centralizer, we have immediately 
LEMMA 7.1. Z(G) is a nonidentity subgroup of Z(S). If T E Z(S) - Z(G), 
then C,(T) is soluble. 
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LEMMA 7.2, N,(A) and N,(B) are soluble (of Zlength one). 
Proof. Since Z(G) # 1, not all involutions of A are conjugate, and 
similarly for B. Now Lemma 5.4 applies. 
LEMMA 1.3. Let 0 E A - 2. Then (T is not of central type. Furthermore, 
C,(a) is soluble (and similarly for involutions of B - 2). 
Proof. By Lemmas 7.2 and 5.3, 
Hence u cannot be conjugate in N(A) to an element of Z, and so cannot in G 
either since A is weakly closed in S. In particular, A is a Sylow 2-subgroup of 
G(4. 
Suppose that C,(a) is insoluble. Then the structure of C(o) is known [13]. 
I n particular, if bars denote images in c(0) = C(u)/O(C(u)), there is a 
cyclic subgroup R of order (2” - 1) f or some m >, 2 such that Ei normalizes -- 
2 and acts regularly on [A, H]. Let h generate fl;. By the Frattini argument -- 
applied to a preimage of AH, there is a preimage h of h in N,(A). Put H = (h). 
Then H has odd order. Let asterisks denote images in N* = N(A)/O(N(A)). 
Then clearly H* C N(S*) and A*H* e AH. In particular, the hypothesis 
of Lemma 5.5 is satisfied in N*. However, since H must centralize u and also 
Z(G), the conclusion of that Lemma cannot be satisfied; therefore C(u) must 
be soluble. 
LEMMA 7.4. Let x be an element of G of order four. Then C,(x) is soluble. 
Proof. By (4.5), C,(g) ’ h is omocyclic of exponent 4 for any element g of S 
of order four. Thus we may assume that x E S and that C,(x) is a Sylow 
2-subgroup of C,(X). Again Walter’s theorem [13] applies and shows C,(X) 
to be soluble. 
LEMMA 7.5. Let G = G/Z(G), and suppose that r is an involution in e. 
Then C&T) is 2-closed. 
Proof. Let K be the inverse image in G of CC(T) containing Z(G), and let 
t be an arbitrary inverse image of 7. By the previous lemmas, C,(t) is soluble. 
K stabilizes the chain 
1 C Z(G) C Z(G)(t); 
hence, K/C,(t) is a 2-group, and K is soluble. 
We claim that K has 2-length one. Without loss, t E 5’. If t E Z(S), then 
S 6 K and Proposition 6.1 applies. If t E A - 2, then A is a Sylow 2-sub- 
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group of C,(t). Since C,(t) has 2-length one, the Frattini argument yields 
that K = N,(A) . O(C(t)); now K has 2-length one since No(A) does. 
The same holds if t E B - 2. Finally, if t has order four, then again Cc(t) 
has 2-length one. CJt) is a Sylow a-subgroup of C,(t); hence the Frattini 
argument yields that 
K = N&p)) - O(C(t)) = NK(Z(S)) * O(K). 
As in Proposition 6.1, it follows that K has 2-length one. 
Thus, in all situations, C&T) has 2-length one. Since / A/Z(G)1 > q, 
SCN&!3/Z(G)) f m . Al so, O(G) = 1 since O(G) = 1. So Proposition 2.1 
applies and O(Cc(7)) = 1. 
PROPOSITION 7.6. Case I cannot occur. 
Proof. Suppose first that Z(G) = Z(S). Then G has elementary Abelian 
Sylow 2-subgroups. By Proposition 7.5 and Suzuki’s characterisation [l I], G 
is isomorphic to SL(2, 42). Since SL(2, q2) has trivial Schur multiplier, this is 
impossible. Thus we may suppose that Z(G) # Z(S). Let bars denote images 
in G. Then 
j S/@(S)/ = q2 and I < 1 @(S)( <q. 
By checking the groups of Suzuki’s theorem, we must have 
O,(G) # 1. 
Put N = O,(G). Then C,(N) is soluble. By Suzuki’s theorem, the 
maximal soluble normal subgroup of G is O,,,(G), and so of G is O,,,,(G). 
Hence C,(N) _C N. If N is elementary Abelian, then N = A or N = B. 
In the former case, G = N(A), a contradiction since N,(A) is soluble, and 
similarly if N = B. If N is not elementary Abelian, Z(S) is characteristic in 
N by (4.8). Thus Z(S) 4 G. S ince G = O”(G), this implies that Z(S) C Z(G), 
contrary to above. So case I cannot arise. 
8. THE ELIMINATION OF CASE II 
To complete the proof of Theorem B, we assume that involutions of 
central type have soluble centralizers, but that some involution has an 
insoluble centralizer. Without loss, we may suppose that there is such an 
involution in A, and proceed to derive a contradiction. More precisely, with 
the established notation and results of the previous two sections, we consider 
the following hypothesis throughout this section. 
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HYPOTHESIS 8.1. G is a finite group whose Sylow 2-subgroups are of type 
L,(q), q = 2” >, 8, and qfixed. The following hold: 
(a) G is insoluble; 
(b) G = O”(G); 
(c) O(G) = Z(G) = 1; 
(d) if o is an involution of central type, then CG(a) is soluble of 2-length 
one; and 
(e) there is an involution 7 in A such that co(~) is insoluble. 
As previously, any result obtained in generaE about A will apply equally to B 
provided that B contains an involution whose centraliser is insoluble. This 
will be the case up to and including Lemma 8.8. Subsequently we shall obtain 
information about B assuming this hypothesis in an absolute sense; thereafter 
the symmetry between A and B is destroyed in general. 
LEMMA 8.2. No(A) = No(S) . O(No(A)). 
Proof. Since A contains both involutions of central type and involutions 
not of central type, they cannot all be conjugate. By Lemma 5.4, No(A) is 
soluble, whence the Lemma follows by Lemma 5.3. 
LEMMA 8.3. O”(C(T))/O(C(T)) is the direct product of an elementary 
Abelian group of order q with a group isomorphic to SL(2, q). Furthermore, Z is 
contained in the derived group of O”(C(T)). 
Proof. We begin as in the proof of Lemma 7.3. C(T) is, by hypothesis, 
insoluble, and A is a Sylow 2-subgroup of C(7). Let bars denote images in 
c(T) = c(T)/o(c(T)). _- 
Suppose that f7 is a nonidentity subgroup of C(T) which is cyclic of order -- 
(2” - l), normalizes 2 and acts regularly on [A, H]. By the Frattini argument, 
there is a preimage H of i7 which is a subgroup of No(A) of odd order. Let 
asterisks denote images in N* = N(A)/O(N(A)). Then, by Lemma 8.2, -- 
H* C N(S*). Clearly A*H* g AH, and H* centralizes T*. Now Lemma 5.5 
applies, so that H* must act regularly on Z* and trivially on A*/Z*. Thus Ii -- 
acts regularly on z and trivially on A/Z. In particular, 
Ifs(=q-1. 
By Walter’s theorem [13], O”(C(T))/O(C(T)) is a direct product of an 
elementary Abelian 2-group and simple groups. By the above, a simple 
factor can be isomorphic only to SL(2, q), and so there can be only one 
simple factor. Put 
O”(C(T))/O(C(T)) = A; x R, 
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where xi is elementary Abelian of order q, and R e SL(2, q). Let If be a 
cyclic subgroup of order (q - 1) in NE(J). Since R acts regularly on Z, we 
have -- 
z = [A,H]CKf(& x K)‘, 
from which the final part of the Lemma follows trivially. 
This result will be true if 7 is replaced by any other involution of S having 
an insoluble centralizer. The balanced theorem as discussed in Section 2 
now applies and Proposition 2.1 yields the following: 
PROPOSITION 8.4. Let G be a group for which Hypothesis 8.1 holds. Then 
O(Co(p)) = 1 for any involution p of G. 
This has three immediate consequences. First, Lemma 8.3 reduces to 
LEMMA 8.5. O”(C(r)) = A, x K, where A, is elementary Abelian of 
order q, and K is isomorphic to SL(2, q). Furthermore, Z is a Sylow 2-subgroup 
of K. 
In particular, this implies that Co(A) = A. Since O(N(A)) _C C(A), we get 
the following lemma. 
LEMMA 8.6. O(N(A)) = 1. 
Also, since the centralizer of an involution of central type is soluble of 
2-length one, Proposition 8.4 implies this lemma: 
LEMMA 8.7. If u is an involution of central type, then Co(u) contains a 
unique Sylow 2-subgroup of G. 
The next stage is to study the fusion in G of involutions of S. Our object 
here is to show that, under Hypothesis 8.1, G has exactly two conjugacy 
classes of involutions. 
LEMMA 8.8. All involutions of Z are conjugate. If a is an involution in 
A - Z, then a is conjugate to no element of B; in particular, a cannot be of 
central type. 
Proof. With the notation and result of Lemma 8.5, all involutions of Z 
are already conjugate in K. By Lemma 8.2, Z Q N(A). Since A is weakly 
closed in S with respect to G, no involution of A - Z can be conjugate to an 
element of Z. Thus, if a E A - Z, then a is not of central type, and A is a 
Sylow 2-subgroup of Co(a). If ag E B for some element g of G, then B would 
be a Sylow 2-subgroup of C(ag) and so conjugate to A, contrary to weak 
closure. 
GROUPS OF TYPE L,(q) 505 
At this point, we drop the possible symmetry between A and B, and assume 
Hypothesis 8.1 in its strict sense. 
PROPOSITION 8.9. Assume Hypothesis 8.1. Then all involutions of B are 
conjugate in G. 
Proof. Suppose that the conclusion is false. Then, by Lemmas 5.3 and 5.4, 
N(B) is soluble. Hence 2 u N(B), so that no element of B - 2 can be 
conjugate to an element of Z by the weak closure of B. If a E A - Z, then A 
is a Sylow a-subgroup of C(a) by Lemma 8.8; by that Lemma and the above, 
A can contain no conjugate of an element of B - 2. Thus we find: 
(1) no conjugate of an element of B - Z commutes with any element of 
Let A, and K be as in Lemma 8.5. We have Z C K. Let H be a cyclic 
subgroup of order (q - 1) in NK(Z). Then H C N(A); in particular, Hc N(S) 
by Lemmas 8.2 and 8.6. Let h E H# and suppose that h does not act fixed- 
point-freely on B/Z. Choose b E B - Z such that [h, b] = 1. For any 
a E Al#, we have [h, a] = 1, so that h commutes with [a, b]. On the other 
hand, [a, b] E Z#; since H acts regularly on Z, this yields a contradiction. 
Now the action of HA, on B shows that 
(2) all involutions of B - Z are conjugate. 
Let 9Y denote the conjugacy class in G of such involutions. Fix 7 as in 
Hypothesis 8.1, and choose p E g. Then (p, T) is a dihedral group. By 
Lemma 8.8, T $9 and, by (l), T does not commute with any element of g’; 
hence, 
8 I I(P> T>I. 
Since S has exponent 4, a Sylow 2-subgroup of (p, T> has order exactly eight. 
Let (J be the involution in the center of (p, T). By (l), u is of central type. 
By Lemma 8.7, (p, T) must be a 2-group. Thus, 
(3) for all p E g’, (p, T) is a dihedral group of order eight whose central 
involution is of central type. 
The situations where C(p) is soluble and where C(p) is insoluble need 
separate arguments. 
Case (i): C(p) is soluble. Then B is the normal Sylow 2-subgroup of 
C,(b) for any b E B - Z. By Lemma 8.8, the assumption of this proof, and 
(2), Z is strongly closed in S with respect to G. Hence, by Lemma 8.7, Z is a 
T.I.-set. Let Zg be any conjugate of Z, and choose p E Bg - Zg. Let 0 be the 
central involution of (p, T). Then u E C(p), and hence CI E Bg. Since (5 is 
of central type, the strong closure of 2 implies that u E Z@. On the other hand, 
506 COLLINS 
u E C(7) also. By Lemmas 8.5 and 8.8, u E K. Hence 29 C K since Z is a 
T.I.-set. Thus very conjugate of 2 lies in K, whence K Q G. Since 7 E C(K), 
this would imply that 
1 #SnC(K)aS, 
while 
Z(S) n (S n C(K)) = 1; 
thus this case cannot arise. 
Case (ii): C(p) is insoluble. Choose p0 E B - 2. By interchanging the 
roles of A and B, Lemma 8.5 shows that 
O”(G(p,)) = B, x L, 
where Bl is a subgroup of B of order 4, and L g SL(2,q). Also, Z _C L. By 
(2), all involutions of C(p,) outside L lie in the class g. Hence 
1% n C&4 = 4% - 1). 
This holds for any p E g. Let pi be an involution of B lying neither in Z nor 
in B, . Then 
Hence 
Now counting elements of g in C(p,J and in C(pi), we obtain the inequality 
(4) I@‘( 2=&--1)(Q2-d. 
On the other hand, choose p E 3J and let (T be the central involution of (p, 7). 
Then u E C(T) and p E C(o). By Lemma 8.7, C(U) contains a unique Sylow 
2-subgroup S* which therefore contains (p, 7). Let Z* = Z(S*). Then 
S* 4 C,(Z*), and hence, 
199 n C,(Z*)l = 92 - q. 
Also, Z* C C(7); hence, by Lemmas 8.5 and 8.8, Z* C K. Every element in k3 
arises in this way; since K contains (p + 1) conjugates of Z, we obtain the 
inequality 
I @ I < (4 + l)(q2 - 4). 
Combining this with the inequality (4), we see that q < 2, contrary to 
hypothesis. Case (ii) is thus eliminated, completing the proof of Proposi- 
tion 8.9. 
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Suppose that z E 2”. By Proposition 8.4 and Lemma 8.7, O(C(z)) = 1 
and S <I C(z). Thus C,(S) = Z, and so O(C(B)) = 1. By Lemma 5.4, 
N,(B)/B has a normal subgroup isomorphic to SL(2,q). Since No(B) splits 
over B, a suitable complement contains a complement A* of Z in A with all 
involutions of A* conjugate. By (4.7) we have the following proposition. 
PROPOSITION 8.10. Assume Hypothesis 8.1. Then all involutions of A - Z 
are conjugate in G. 
Since we have now shown that G has exactly two conjugacy classes of 
involutions, we may use the Thompson order formula. Let u be an involution 
of central type, and let 7 be fixed as previously, not of central type. Then the 
formula for j G 1 is 
I G I = 4 C(dl + 4 CW 
Here, n, denotes the number of pairs (T’, a’) where 7‘ and u’ are involutions of 
G conjugate to 7 and 0, respectively, and such that (I is the involution in the 
cyclic subgroup generated by 7’~‘; in particular, o will lie in the center of the 
dihedral group (T’, 0’). What is critical is that n, may be computed from 
a knowledge of Cc(o) and the fusion of its involutions. Clearly a knowledge 
of O”(C(o)) is sufficient. We define nT in an analogous manner. 
LEMMA 8.11. n, = q2(q - 1). 
Proof. Since S u C(z) for any z E Z#, we may suppose that 0 E Z and 
compute n, in S itself. I f  a E A - Z and b E B+, the involution of (ab) is 
conjugate to u i f f  b $ Z, and then that involution lies in Z. Since all involutions 
of Z are conjugate in N(S), we may count all such pairs (a, b) and divide by 
(q - I) to obtain the result. 
LEMMA 8.12. n7 = (q2 - l)(q2 - q + 1). 
Proof. We compute n, in O”(C(T)), recalling from Lemma 8.5 that 
O”(C(7)) = A, x K, 
where involutions in K are of central type, and all other involutions are 
conjugate to 7. So we consider pairs of involutions (x, y) with x 6 K and 
y  E K. Note that 7 E A, . 
I f  x E A, , then xy is an involution for any involution y  E K. Since in this 
case xy $ A, , such situations yield no contribution to n, . 
Suppose then that x $ A, . Then 
x = ax, 
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for some a E AI+ and some involution z of K. Then, for an involution y of K, 
xy = a(zy). 
Two cases arise. If y and .s lie in distinct Sylow 2-subgroups of K, then zy 
is an element of odd order commuting with a, so that a is the involution in the 
cycle (xy). Thus the total contribution to n7 from this situation is 
k2 - 1w - 4). 
On the other hand, if y and z do lie in the same Sylow 2-subgroup of K, then 
xy is already an involution and xy = Q- iff a = 7 and y = x. Hence the total 
contribution in this case is 
q2- 1. 
These possibilities are exhaustive and mutually exclusive; thus 
% = (a” - l>(q2 - 4 + 1). 
Since the orders of the centralizers of involutions are known only to within 
an odd factor (which we will relate for the two classes), we cannot obtain an 
exact order for G. However, the following proves to be sufficient. 
LEMMA 8.13. 1 G / = (q2 - 1) I N,(B)J. 
Proof. Let z E Z#. Then S u C(z). Since all involutions of 2 are conjugate 
in N(S), we have 
I WV = (4 + 1) I W)l. 
Since B is weakly closed in S with respect to G, for z as above, B (1 C(z). 
Also, by the weak closure and Proposition 8.9, all involutions of B are 
conjugate in N(B). Thus 
and so 
I WI = (q” - 1) I C(4L 
I W)I = (4 + 1) I WW 
By the Frattini argument, 
C(T) = OZ(C(T)) . (N,(A) n C(T)). 
Thus, 
1 C(T)[ z I o”(c(T))l ’ I N(A) * c(T)t = (q + 1) 1 N(A) * C(T)l. 
I NW * o”W))l 
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On the other hand, by the weak closure of A, any two elements of A - 2 are 
conjugate in N(A). Furthermore, N(A) = N(S) by Lemmas 8.2 and 8.6. 
Thus 
and so 
I C(T)/ = (4 + 1) I WWk2 - 4). 
Now the Thompson order formula yields that 
[G: N(B)] = n,/(q2 - q) + n,/(q2 - 1) 
=q2+ 1, 
by Lemmas 8.11 and 8.12. 
The proof of Theorem B may now be completed by establishing the 
following. 
PROPOSITION 8.14. There is no finite group which satisfies Hypothesis 8.1. 
Proof. Suppose that G does satisfy Hypothesis 8.1. We represent G as a 
transitive permutation group on the conjugates of B. By Lemma 8.13, G has 
degree (q2 + 1). By Lemma 8.8, the only elements of S conjugate in G to an 
element of B actually lie in B; thus no conjugate of an element of B lying 
outside B can normalize B. Hence no nonidentity element of B can normalize 
a distinct conjugate of B, and consequently, in the permutation representation 
of G on the conjugates of B, the subgroup B acts regularly on the remaining 
conjugates. In particular, the representation is doubly transitive. 
At this point, we could invoke Shult’s characterization of doubly transitive 
groups of odd order in which the stabilizer of a point has a normal subgroup 
regular on the remaining points in order to obtain the contradiction. However, 
we shall obtain an easy contradiction by studying the fusion of involutions 
again. 
We have remarked previously, after the proof of Proposition 8.9, that 
O(N(B)) = 1. So G acts faithfully in the given representation. Let U be 
a two point stabilizer contained in N(B). Then U n B = 1. Since 
[N(B): U] = q2, we have N(B) = UB. Put V = O’(U). By Lemma 5.4, 
V s SL(2, n). Since G is 2-transitive, there exists a conjugate 7’ of 7 inter- 
changing the two points fixed by U. Then 7’ normalizes U and hence also 
V. Consider (V, 7’). Let W be a Sylow 2-subgroup of V normalised by T’. 
Since WB is a Sylow a-subgroup of G, involutions of W are not of central 
type. If S, is a Sylow 2-subgroup of G containing (W, T’), all involutions 
of S, not of central type lie in some conjugate of A and therefore commute; 
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hence 7’ centralizes W. Now T’ must act as an inner automorphism of V, and 
so there exists an involution p of G which centralizes Y. Since C(p) is insoluble, 
p must be conjugate to 7, as are all involutions of V. On the other hand, 
V is generated by involutions in C(p); hence V is contained in the derived 
group of O”(C(p)). By Lemma 8.5 such involutions are of central type. This 
contradiction establishes the proposition and so completes the proof of 
Theorem B. 
9. THE PROOF OF THEOREM C 
The proof of our main result, Theorem B, now complete, we conclude the 
paper by proving Theorem C which gives a more precise description of the 
groups in question. 
If  G is an insoluble group having Sylow 2-subgroups of type L,(q), then 
we have determined the simple chief factors. In case (ii) of Theorem B, we 
have 
O”(G)/O(G) z L,(q); 
thus G/O(G) is isomorphic to a subgroup of the automorphism group of 
L,(q). Since Aut(L,(q)) has a subgroup of index 2 isomorphic to l’rL(3, q) [9], 
Theorem C holds in this case. 
HYPOTHESIS 9.1. G is a group having a normal elementary Abelian 
2-subgroup A of order q2 where q = 2’” 3 8. The following hold: 
(a) G has a subgroup X such that G = AX and A n X = I ; 
(b) O’(X) is isomorphic to SL(2, q); 
(c) A = C,(A); and 
(d) Ij T is a$xed Sylow 2-subgroup ojX, then AT is isomorphic to S (and 
is so identiied). 
PROPOSITION 9.3. Let G = GL(3, q), given as a group of matrices, for 
q = 2* >, 4. Let A be the subgroup of G consisting of matrices of the form 
1 * * 
i 1 
10. 
0 
Let r = PrL(3, q) and let A also denote its image in r. Then N,(A) is a group 
satisjying Hypothesis 9.1, being a split extension of A by a group isomorphic to 
WL 4). 
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Proof. It is readily verified that N,(A) consists of the nonsingular matrices 
of the form 
* * * 
i 1 
* * 
* * 
and that C,(A) = A . /I where (1 is the group of nonzero scalar matrices. The 
conclusion is now immediate. 
The completion of the proof of Theorem C is now essentially reduced to 
a question of uniqueness; we shall show that a group satisfying Hypothesis 9.1 
is isomorphic to a subgroup of N,(A) of Proposition 9.3. 
Fix A as in Hypothesis 9.1, and let N be the subgroup of Aut(A) corre- 
sponding to the group I’L(2, q) of Proposition 9.3. Let M be the subgroup of N 
corresponding to the subgroup SL(2, q) of FL(2, q) and L that corresponding 
to GL(2, q). Then, by the Corollary to Theorem 9.2, with X as in Hypo- 
thesis 9.1, we may identify O’(X) with M. Let X also denote the subgroup 
of Aut(A) to which it corresponds. 
We have, by the known structure of X, that 
O(X) = C,(O’(X)). 
Since A is an irreducible O’(X)-module, O(X) is isomorphic to a subgroup of 
the multiplicative group of a field by Schur’s lemma, and so is cyclic. Since 
O(X) C C,(T), both Z(=C,(T)) and A/Z admit O(X). Hence O(X) has 
order dividing (q - 1). By the same argument, CAUttA)(M) is also cyclic; 
hence, 
O(X) C Z(L) = C,utc.MQ 
the latter equality since identifying T with a subgroup of M shows that Z 
admits CAut&M), while ( Z(L)\ = q - 1. 
Let x be an element of X outside O”(X). Since the automorphism group of 
SL(2, q) is generated by inner automorphisms and field automorphisms, we 
can find an element y  E N such that xy centralizes M. Hence xy E Z(L) so 
that, in particular, x E N. Thus X C N. Now the semidirect product AN is 
isomorphic to N,(A) which is a subgroup of PrL(3, Q). Thus Theorem C is 
established. 
Note added in proof. Lyons’ proof was obtained independently around the same 
time and is basically similar. He has pointed out that in Lemma 5.4, use of Proposi- 
tion 3.1 can be avoided by essentially repeating the Schur multiplier argument of 
earlier in the proof. Also, after Lemma 8.8 he observes that the weak closure of an 
involution of Z in its centraliser is abelian, whence recent results of Shult would 
yield a contradiction. 
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